PROOF OF THE FOLKLORE OC RELATION IDENTITY

NANCY SCHERICH AND YVON VERBERNE

ABSTRACT. One presentation for the welded braid groups is a quotient for of the virtual
braid groups by the over crossing commute, or OC relation of the form 70,417 = 0it10:iTit+1-
The OC relation is often written in a different form o; 10;; = 0i,;0:,1. It is known to experts
that these relations are equivalent and we provide a short proof here.

The virtual braid group on n strands, vB,, has a presentation generated by o1,...0,-1
and 71, ...,T,—1 with the following relations:

(1) o405 = ojo; for |i — j| > 1 (Far Commutativity)
(2) 0404410; = 04410041 for 1 <i<n—2 (Braid Relation)
(B) 2=1for1<i<n-—1 (7 is a Transposition)
(4) 7Ty = 7y for i — j| > 1 (7 Far Commutativity)
(5) TiTit1Ti = Tig1TiTit1 for 1 <i<n—2 (7 Braid Relation)
(6) iy = Tj0; for i —j| > 1 (Mixed Far Commutativity)
(7) Tix10iTiv1 = Tiojp17; for 1 <i<mn—2 (Mixed Braid Relation)

The welded braid group wB,, is a quotient of vB,, by one additional relation called the Over
Crossings Commute relation, or “OC?” relation, of the form 70,417 = 04410:Ti11-

There are several important elements in vB,, (and in wBn) called o;; which are of the
form

TiTitl - Tj—2Tj—10j-1Tj—2 - - - Ti+1Tj
when ¢ < j and
Ti—1Ti—2 -+ Tj—2Tj-105T5Tj—-1...Tji—1
when j < i.
Theorem. In the welded braid group, the following relation holds for all i, j, k,

0ik0ij = 0ij0ik-

Proof. In this proof, we will show that 0;,0;; = 040 in the case where i < j, k as the other
case is analagous.

We begin by fixing the coordinate ¢, and without loss of generality, let j < k. We prove,
by induction, that 0ii+104,5 = 04,504,i+1 (the case that 04i+k0i,5 = 04,504 i+k, where i-i— k< ]
is proven similarly). For the base case, notice that

—1 -1 -1 -1
0ii4+104,i420; 4105 ivo = (Ti03)(TiTix10i017:) (0, 73)(Tio 1 Tiy1Ti)
-1 _—1
= Ti0TiTi4+1TiTi0Oi4+1Ti0; 0—7;+17—i+17—i
-1 _—1
= TiO T T 1 TiTit 103 Ti4 10, 04 Tit 1T
(1) O T O T -1
= Ti0Ti+1Ti0iTi+10; O0; 1 1Ti+1T;
-1 _—-1
= TiTit1Ti0i+10iTi+10; 0i+17i+17'i(By 0C)
-1 _—1
= TiTi+1TiTiO'i+1O'iO',L- O'i+1Ti+lTi(By OC)
=1id
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Now we suppose that 0ii+10ij—1 = 04 j—104i+1 and show that 0ii+1055 = 04,05 i+1-
—1 -1
04i+100,i420; 1410, ivo = (1503)(TiTig1 - - - Tj—2Tj—10§—1Tj—2Tj—3 - . - Tit1Ti)"
-1 -1
. (Ui Ti)(TiTi+1 e Tj737j720'j717—j717—j72 e Ti+1Ti)
= Ti0iTiTi41 - - - Tj—2Tj—1Tj—2Tj—205-1Tj—2Tj-3 . . . Ti4+1T;"
J J J
-1 -1
0, Ti4l--- Tj737-j720-j717—]‘727}'727—]'717—]'72 e Ti41Ty
= Ti0iTiTi41 - - - Tj—2Tj—1Tj—2Tj—105-2Tj-1Tj—3 . . . Ti4+1T;"
J J J
-1 -1
0, Ti4l--- Tj*37-j*10-j727_j*1Tj*27-j*17_j*2 e Ti41Ty
= Ti0iTiTi41 - - - Tj—2Tj—1Tj—2Tj—-10-2Tj—3 . . . Tj4+1T¢"
-1 -1
(2) 0, Ti4l--- Tj*3o-j727_j*17_j*27_j*17-j*2 e Ti41T4
(by Far Commutivity)
= TiO0iTiTi41 - - - Tj—2Tj—2Tj—1Tj—204-2Tj—3 ... Ti+1T;"
-1 -1
0, Ti4l--- Tj*3o-j727_j*27_j*17_j*27-j*2 c e Ti41Th
(by 7 Braid Relation)
= TiO0iTiTi41 - - - Tj—1Tj—205-2Tj—3 . . . Ti4+1T;"
-1 -1
0 T4l - 'Tj*3o-j727_j*27_j*1 T4l T
(by 7 Braid Relation)
= 05,i410ij-1 = 0;j—10;;+1 = id.

The other cases on i, j, k follow similarly.



