The Goussarov-Polyak-Viro (GPV) Theorem
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“Statement of the theorem”

“A finite type invariant of degree n factors through subdiagrams
with < n Xings" -
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Statement of the theorem
Theorem (Goussarov, Polyak, Viro): Given a finite type invariant
v : uD — A of degree n, there exists w : vD — A such that:
1. wos = v (the following diagram commutes)

2. w = 0 on diagrams with > n (real or double point) Xings.
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The map s and its inverse

The map s D Y prep D' can be thou
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= (D (u+D(z+)
so its inverse is s : D 'cD —1)D’, or “x = x—1":
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The map P: properties

We want a map P : vD — uD which satisfies:
Q v o P = v on real knot diagrams (u:m ‘A\
g volP 051 = 0 on diagrams with > n (real or singular) Xings
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1. Make a first-come-first-serve tree  verfian = l;

- sdlde \"t.
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The map P: what it actually “is” (Roukema'’s version)
1. Make a first-come-first-serve tree

2. Change all bad Xings to good Xings (using

the dou ble(point relation)
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The map P: what it actually “is” (Roukema'’s version)
@Make a first-come-first-serve tree

2. Change all bad Xings to good Xings (using
the double point relation
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The map P: what it actually “is” (Roukema's version)

1. Make a first-come-first-serve tree
3 2. Change all bad Xings to good Xings (using
the double point relation)

3. Sweep the first real crossing on the double
point tree

4. )Repeat steps 1, 2 and 3 until...all  fermd:
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The map P: what it actually “is” (Roukema'’s version)
1. Make a first-come-first-serve tree

L*'Q. Change all bad Xings to good Xings (using
the double point relation) VD vD

L) 3. Sweep the first real crossing on the double l / Ex

oint tree
P uD —Y s A

4. Repeat steps 1, 2 and 3 until... Wl /

5. Set to 0 if > n double points, otherwise,
connect strands off the tree the tree in a_good way to
_Q\ n\.

make a knot \5 Ws_\m'&
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The map P: why it works

The map P:

To show that P works, we must show:

Make a first-come-first-serve tree

Change all bad Xings to good Xings

1' —V O_E = Z/_ on _rgm dlagrams (using the double point relation) x =

Sweep the first real crossing on the
double point tree

2. voPos !l =0on > n Xings

Repeat steps 1, 2 and 3 until...

Set to 0 if > n double points,
otherwise, connect strands off the
tree in a good way to make a knot
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The map P: why it works

The map P: 1
vD &— vD
Pl / iﬂw
uD L}Z

. Make a first-come-first-serve tree

To show that P works, we must show: )
_ H Change all bad Xings to good Xings
@ Vo P =ron real knOt dlagrams / (using the double point relation)
2 Vo P o 571 — O on > n Xings 7 Sweep the first real crossing on the
. .
V4
5

double point tree
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" Repeat steps 1, 2 and 3 until...

. Set to 0 if > n double points,
otherwise, connect strands off the
tree in a good way to make a knot
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The map P: why it works

The map P: )
vD &— @
J Pl / 3w
uD ‘Vi A
TO ShOW that P WorkSY we must ShOW: 1. Make a first-come-first-serve tree

2. Change all bad Xings to good Xings
(using the double point relation)

2' Vo P o 5—1 — 0 on >n Xings 3. Sweep the first real crossing on the

double point tree
\A 3 3\ 2 4. Repeat steps 1, 2 and 3 until...
< -
w 5 \S =D on 60 \dt Set to 0 if > n double points,
otherwise, connect strands off the
tree in a good way to make a knot

1. vo P =v on real knot diagrams
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The map P: why it works

The map P: 1
vD &— vD
Pl / =
uD —Y— A
TO Show that P Worksr we mUSt ShOW: 1. Make a first-come-first-serve tree

1. vo P =v on real knot diagrams

2. voPos !t =0on > n Xings

ok, Lt
> the Q"lis\ LAA Yihi

X4 2
:VJ((X‘“) é:\)—u( )
= vPs ((*"')‘3:*')
D2)

Change all bad Xings to good Xings

(using the double point relation
. Sweep the first real crossing on the
double point tree
. .

3-1_ evd .

Repeat steps 1, 2 and 3 until...
Set to 0 if > n double points,

X X
otherwise, connect strands off the L

tree in a good way to make a knot
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The map P: why it works

(]
¥ *The map P: 1
> ¥a vD &— vD
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¥z
TO ShOW that P Worksr we mUSt ShOW: Make a first-come-first-serve tree
_ H 2. Change all bad Xings to good Xings

l.vo P =ron real knOt dlagrams (using the double point relation)

Sweep the first real crossing on the

-1 _ : 3.
2. vo Po s =0 On,> n Xlngs double point tree
4. Repeat steps 1, 2 and 3 until...

-
\'& @D 5. Set to 0 if > n double points,
- otherwise, connect strands off the

tree in a good way to make a knot
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So we are done! But...



Confusions

@ls_ii_u.ecﬁsary to repeat step 17

» How important is a first-come-first-serve tree? Can we build
other trees?

> How can we change the ordering of the issues?

» Is there a more “direct” description of w?












Generalizations

> To (not—loné) knotg§ tangled, links?
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