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THE BRAID GROUP

The Braid group on n strands, denoted          , has 
the following presentation: 

Bn

σ1, ⋯, σn−1

σiσi+1σ1 = σi+1σiσi+1

σiσj = σjσi

Generators: 

  Relations: j ≠ i ± 1



The generators σi

VISUALIZING Bn

j ite



VISUALIZING Bn

Far commutativity relation 

σiσj = σjσi | i − j | > 1



VISUALIZING Bn

The braid relation

σiσi+1σi = σi+1σiσi+1



BnFUN FACTS ABOUT 

➤  | = ∞|Bn

➤  BnBn−1 ⊆

add a strand

σ1, ⋯, σn−2,σn−1

➤  ) = ⟨(σ1⋯σn−1)n⟩Bn(Z

➤  Bn is torsion free.

(No elements of finite order)



BnWHY SHOULD YOU CARE ABOUT          ? 

AlgebraTopology

Physics

Braid 
Groups

Quantum  
Computation

Knot theory

Mapping class groups
π1(Configuration Space)

SnGeneralization of 

Yang-Baxter 

Hecke Alg



Bn IN TOPOLOGY 
Mapping Class Group of the  

n-punctured disk

Knot Theory

* * *…

* * *…

Fundamental Group of the  

Configuration space

Cn = {(x1, ⋯, xn) ∈ ℂn |xi ≠ xj if i ≠ j}

Bn ≅ π1(Cn/Sn)

aalexander's
theorem



BnREPRESENTATIONS OF

⟶ GL(V)
group homomorphisms

Bn

ℂ[Bn] ⟶ Mk(R)
algebra homomorphisms



BnREPRESENTATIONS OF

Jj YA
M

alexpandynanial

unitary
repsof
Br



THE BURAU REPRESENTATION

⟶ GLn−1(ℤ[t±1])Bnρn :The (reduced) Burau representation 

i



THE BURAU REPRESENTATION

⟶ GLn−1(ℤ[t±1])Bnρn,t :The (reduced) Burau representation 

Need: An action of  on a -moduleBn ℤ[t±1]

A way to view braids as iso’s of a  -moduleℤ[t±1]
Or



THE BURAU REPRESENTATION
D̂n

Dn

p

* * *…

* * *… β : Dn ⟶ Dn
homeo

β ∈ Bn



THE BURAU REPRESENTATION
D̂n

Dn

p

D̂n

* * *Dn

p Infinite cyclic cover



THE BURAU REPRESENTATION
D̂n

Dn

p

D̂n

H1(D̂n)

t−1

1

t
is a free

ℤ[t±1] -module



THE BURAU REPRESENTATION
D̂n

Dn

p

D̂n

* * *

p

Dn

β ∈ Bn

β : Dn ⟶ Dn
homeo

Dn DnD̂n

D̂n

p

βp

∃!  ̂β
homeo

̂β* : H1(D̂n) ⟶ H1(D̂n)
iso



THE BURAU REPRESENTATION

D̂n

H1(D̂n) is a free

ℤ[t±1] -module

t−1

1

t

̂β* : H1(D̂n) ⟶ H1(D̂n)
iso

̂β* ∈ Gln−1(ℤ[t±1])

ρ : Bn → Gln−1(ℤ[t±1])
β ↦ ̂β*

BE



THE BURAU REPRESENTATION

⟶ GLn−1(ℤ[t±1])Bnρn :The (reduced) Burau representation 

i

I i

faithful yes if n 3
no it n s n 4 open question



Fun Fact :

The Burau representation extends to the virtual braid groups!

GLn−1(ℤ[t±1])Bn

vBninclusion

ρn

ρn

Burau

Burau



THE VIRTUAL BRAID GROUP

vBn
Intuitive definition (but less good— you’ll see why soon)

σ1, ⋯, σn−1

σiσi+1σi = σi+1σiσi+1

σiσj = σjσi

Generators: 
j ≠ i ± 1

Bn
τ1, ⋯, τn−1

τiτi+1τi = τi+1τiτi+1

τiτj = τjτi j ≠ i ± 1

Sn

Relations: 

τ2
i = e

τiσi+1τi = τi+1σiτi+1σiτj = τjσi j ≠ i ± 1

Bn Bn Snf

TTT

J
miles
fR r



THE VIRTUAL BRAID GROUP

vBnBn

4 It
as a

no tension has finteorderdeneat
SI 58

topological algebraic



THE VIRTUAL BRAID GROUP

vBnBn
Bn Sn Bn Sn
ri ti i it

E ti

Pn Kerli pure braid rpBn perch
riprthabraid

group group

Pn Bn Sn t l rpm Bn Sn l
short exact seqshot exact seq splits

Bn Pnxsn vBn VPBnYS



THE VIRTUAL BRAID GROUP

vBn vPBn ⋊ Sn=

less good Bn Bn Sun

Finite gp



THE PURE VIRTUAL BRAID GROUP

PvBn = vPBn = vPn

σi,j

σi,jσi,kσj,k = σj,kσi,kσi,j

σi,jσk,l = σk,lσi,j

Generators: 

i ≠ j ≠ k ≠ lRelations: 

j ≠ i, 1 ≤ i, j ≤ n



WHEN DO REPRESENTATIONS “EXTEND”?

GLm(V)Bn
ϕ

Given:

Does there exist?: GLm(V)vBn
̂ϕ

GLm(V)vPBn
̂ϕ

So that ̂ϕ |Bn
= ϕ

But really we seek only this:I
But p

en



WHEN DO REPRESENTATIONS “EXTEND”?

Let V be a -module with basis  ℤ[t±1] v1, ⋯, vnBurau extends!

  acts on V byvPBn

σi,j(vk) =
                               if vk k ≠ j

       if tvj − (t − 1)vi k = j{
(unreduced)



WHEN DO REPRESENTATIONS “EXTEND”?

Let V be a -module with basis  ℤ[t±1] v1, ⋯, vnBurau extends!

  acts on V byvPBn

σi,j(vk) =
                               if vk k ≠ j

       if tvj − (t − 1)vi k = j{
Let V be a -module with basis  ℤ[t±1

1 , ⋯, t±1
n ] v1, ⋯, vnGassner extends!

  acts on V byvPBn

σi,j(vk) =
                               if vk k ≠ j

       if tivj − (ti − 1)vi k = j{

(unreduced)



WHEN DO REPRESENTATIONS “EXTEND”?

Let V be a -module with basis  , where ℤ[t±1, q±1] v1, ⋯, vk k = n(n − 1)
2

What about Lawrence-Krammer-Bigelow?

  acts on V byBn

it's faithful



THANK YOU!


