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THE BRAID GROUP

The Braid group on n strands, denoted Bn , has
the following presentation:

Generators: 01, ", O

n—1
Relations: 0,0, = 0,0; it

0;06,,101 = 0;410;0;,1



VISUALIZING

The generators o;




VISUALIZING

Far commutativity relation
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VISUALIZING

The braid relation

0;0;,10; = 0;,10;0;
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> Bn is torsion free.

(No elements of finite order)



?

Topology Algebra

Mapping class groups

n;(Configuration Space)
Yang-Baxter

Knot theory v Al
Hecre Alg

Quantum

Computation



Mapping Class Group of the Fundamental Group of the

n-punctured disk Configuration space
C, = {(xp, -, x) € C"|x; £ x;1f i # )}
B, = =/(C,/S,)

Knot Theory
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REPRESENTATIONS OF

algebra homomorphisms

C[B,] — M (R)
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THE BURAU REPRESENTATION

The (reduced) Burau representation ), . Bn — GLn—l(Z [t il])

—t 1| 0 Lis|0 0
a| > 0 1 0 yOn—_1 > 0 1 0
0 0|Id,_3 0 |t —t

( Idl'_g 0 0 0 0 \
() 1 0 0 0
TP > 0 t —t 1 0 for2<i1<n-2
0 0 0 1 0

) 0 0|Idyis )
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THE BURAU REPRESENTATION

A e —

+
The (reduced) Burau representation pn,t . Bn — GLn—l(Z [t—l])

Need: An action of B, on a Z [t -module

Or
A way to view braids as iso’s of a Z[t']-module



THE BURAU REPRESENTATION













THE BURAU REPRESENTATION
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Hl(l/jn) is a free ‘\ A o
h ﬁ* = Gln_l(Z[t_ ])
Z[til] -module 5

p : B, — Gl _(Z[t*"])
p b
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THE BURAU REPRESENTATION
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The (reduced) Burau representation ), . B — GL 1(Z[t+1])

foithbd e & ned -m%ow rasion

-t 1 0 a3 0 0
a| +—» 0 1 0 yOpn—1 2 0 1 0
0 0]Id,—; 0 |t —t

( Id; 510 0 0 0 \
0 1 0 0 0
a; 0 -t 1 0 for2<i<n-—2
0 0 0 1 0

\" 0 [0 0 0[Id .,




The Burau representation extends to the virtual braid groups!

vB, -
inclusion / n e Py Burau
0..A

B, 5 > GL,_,(Z[*'])

n

Burau



Generators:

Relations:

oo
o

Intuitive definition (but less good— you’ll see why soon)
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Generators: O:: Jj#i 1<ij<n

Relations: O; Ok = O 0ij i#j#k#I



WHEN DO REPRESENTATIUNS “EXTEND'“}

Does there exist?: V Bn

But really we seek only this:

})y vPB,

L
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WHEN DO REPRESENTATIUNS "EXTEND"‘7

............................................................................................................

FW*--—- '__' w—r‘ T Ty ———

Burau extends!  Let v be a Z[rF']-module with basis Vi, o, W,
(unreduced)

vPB, acts on V by

Vi ifk #j
0; (Vi) = o e



WHEN DO REPRESENTATIUNS "EXTEND"‘7

............................................................................................................

FW*--—- '__' w—r‘ T Ty ———

Burau extends!  Let v be a Z[rF']-module with basis Vi, o, W,
(unreduced)

vPB, acts on V by

Vi ifk #j
0,/ Vi) = o e

Gassner extends! et v be a Z[£*, ---, £F']-module with basis v;, -+, v,

vPB, acts on V by

) { Vi ifk #j
o: (v,.) =



WHEN DO REPRESENTATIUNS "EXTEND"7

............................................................................................................
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What about Lawrence-Krammer-Bigelow? ]"\'5 ’ﬁO\/“H\M , \
+1 +] : : nn—1)
Let Vbe a Z[t~, g~ ]-module with basis v, -+, v, , where k =
B, acts on V by

ij’k ?’g{J_l,J)k_lak},

quik + (@ — @)vij + (1 — Q)vjx i=j—1

P <'Uj+1,k i=j#k—1,

it Uik = . .

’ quii + (1 — @)vje — (¢ — @)tvig i=k—1#j,

| —tg*vjx i=j=k—1.







