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ABSTRACT. A longstanding avenue of research in orientable surface topology is to create
and enumerate collections of curves in surfaces with certain intersection properties. We look
for similar collections of curves in non-orientable surfaces. A surface is non-orientable if and
only if it contains a M&bius band. We generalize a construction of Malestein-Rivin-Theran
to non-orientable surfaces to exhibit a lower bound for the maximum number of curves that
pairwise intersect 0 or 1 times in a generic non-orientable surface.

1. INTRODUCTION

The study of surfaces is often divided into two genres; orientable and non-orientable,
with orientable surfaces being the far more studied and intuitive of the two. A surface is
non-orientable if and only if it contains a Mobius band. The Klein bottle and the real pro-
jective plane are basic examples of non-orientable surfaces, and a generic compact connected
non-orientable surface is homeomorphic to a connect sum of g real projective planes with b
boundary components, denoted Ny ;. Many surface attributes do not depend on orientabil-
ity, such as Euler Characteristic, while other properties of orientable surfaces are still true
for non-orientable surfaces but require a different method of proof or a tweaked definition.
For example, the pants complex of non-orientable surfaces is connected, analogous to the
orientable case, however there is a larger set of generating moves to relate two non-orientable
pants decompositions [3].

A longstanding avenue of research in orientable surface topology is to create and enumerate
collections of curves in surfaces with certain intersection properties. A k-system of curves
in a surface is a collection of homotopy classes of simple, non-peripheral, essential, pairwise
non-homotopic curves that pairwise intersect at most k times. For two simple closed curves
a and f, the (geometric) intersection number is the minimum of |a N b| over all curves a
homotopic to o and b homotopic to 5. The work of Juvan-Malnic-Mohar [6], and Aougab [2]
show upper and lower bounds for the maximal size of a k-system in an orientable surface.
Greene [5], Aougab [1], and Malestein-Rivin-Theran [9] more specifically found upper and
lower bounds for the maximal size of a 1-system in orientable surfaces. It is natural to ask
what the analogous bounds are for systems of curves in non-orientable surfaces. In this paper
we generalize the construction of Malestein-Rivin-Theran to find a large 1-system in a generic
compact connected non-orientable surface, Ng .

Theorem A. There exists a 1-system of curves, I, in Ny with

1 5 b
I>-¢*+—g—1+-(g—2).
||_3g+189 +3(9 )

This result gives the tightest known lower bound for the maximal size of a 1-system in

a generic compact connected non-orientable surface. One major difference between curves

in orientable versus non-orientable surfaces is that non-orientable surfaces contain 1-sided
1
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curves. A curve is 1-sided if it is the core of a Mobius band. Altering the construction of the
1-system in Theorem A, we create a large 1-system of only 1-sided curves.

Theorem B. There exists a 1-system, 2, of 1-sided curves in Ny with

(9> +3g+2).

B~ =

2= (g—215Delf)+2) >

The organization of this paper is as follows. Section 2 consists of background information
on non-orientable surfaces and conventions for curves in non-orientable surfaces. In Section
3, we give intuition about curves in non-orientable surfaces and specifically address how to
apply the change of coordinates principle. Lastly, Section 4 contains the constructions of the
1-systems in Theorems A and B.
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2. BACKGROUND ON NON-ORIENTABLE SURFACES

A surface is non-orientable if it is impossible to make a consistent choice of normal a vector
at every point on the surface (it is not possible to consistently tell the difference between
clockwise and counterclockwise). A convenient restatement is that a surface is non-orientable
if and only if it contains a Md&bius band. Figure | shows the basic examples of three non-
orientable surfaces: the Mobius band, M, real projective plane, RP2, and Klein bottle, K.

P M RP2 Ko

F1GURE 1. The polygonal decompositions for Moébius band, real projective
plane, and Klein bottle.

Ng.p denotes the non-orientable surface that is the connect sum of g real projective planes
and has b boundary components. From the classification of surfaces, every closed, compact,
connected, non-orientable surface is homeomorphic to Ny for some g,b € Z (if b = 0 it is
often omitted). As tori are the basic building blocks to construct orientable surfaces, RP?’s
are the basic building blocks to construct non-orientable surfaces.

The following basic facts can be proved using cut-and-paste arguments:

(1) Ni1 & RP? — D? 2 M; the Mobius band is homeomorphic to RP? minus a disc. See
Figure

(2) Nap = RP?#RP? = K; the Klein bottle is homeomorphic to RP? connect sum RP2.

(3) N3 = RP?*#RP?#RP? = K#RP? = S (#RP?; the Klein bottle connect sum RP?
is homeomorphic to the torus connect sum RP?.

Fact (3) says that in the presence of an RP2, two non-orientable genus can be traded for
one orientable genus. It follows that all closed, compact, connected, non-orientable surfaces
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FIGURE 2. (a) A depiction of M as RP? minus a disc, also called a cross-cap.
(b) RP? drawn as a cross-cap on a sphere. (c) Two depictions of Nj.

are homeomorphic to an orientable surface connect sum some RP?’s:

-1
Ngp = Sk7b#9_2k]RP2 for any k < g?

Since RP? minus a disc is the Mobius band, connect summing with RP? can be thought

of as gluing in a M6bius band along its circular boundary. A Md&bius band glued to a surface

is called a cross-cap and is drawn on the surface as ®, see Figure

2.1. Conventions for curves in non-orientable surfaces. All curves in this paper are
closed loops in the surface and are considered up to homotopy. A curve is simple if it has
no self-intersections, and non-peripheral if it is not homotopic to a boundary component. A
curve is 2-sided if it is the core of an annulus. In orientable surfaces every curve is 2-sided.
In non-orientable surfaces it is possible for a curve to be the core of a Mébius band and we
call such curves I-sided. A curve in a surface is essential if it is not null-homotopic and not
homotopic to the boundary of a Mébius band. For example, a curve that encircles a cross-cap
is considered a non-essential 2-sided curve. For a curve to be 1-sided, it must pass through
an odd number of cross-caps, see Section 3.1. A curve that passes through an even number
of cross-caps is 2-sided.

A k-system of curves in a surface is a collection of homotopy classes of simple, non-
peripheral, essential, pairwise non-homotopic curves that pairwise intersect at most k times.
For two simple, closed curves o and 3, the (geometric) intersection number is the minimum
of |a N b| over all curves a homotopic to « and b homotopic to 3.

One reason for considering the boundary of a Mdbius band to be non-essential is for
the purposes of a pants decomposition. Every maximal 0-system of curves defines a pants
decomposition. If a curve in such a system bounds a Mobius band, a connected component
would be a Mébius band which cannot be further broken down into a pair of pants.

3. HOW MANY CURVES ARE IN NON-ORIENTABLE SURFACES?

In an orientable surfaces of genus greater than 0, up to homotopy, there are infinitely many
different non-separating, essential, simple, closed curves, but up to homeomorphism, there is
only one non-separating, essential, simple, closed curve. That is, the change of coordinates
principle states that there is a homeomorphism of the surfaces that maps any non-separating,
essential, simple, closed curve to any other non-separating, essential, simple, closed curve.

In non-orientable surfaces, the situation is more complicated. For example, there is no
homeomorphism of the surface that maps a 1-sided curve to a 2-sided curve. However, we
can ask if there is a change of coordinates so that any 1-sided curve is mapped to any other
1-sided curve. As it turns out, if a surface has non-orientable genus greater than or equal
to 3, the answer is no! Cutting a non-orientable surface along an essential, non-separating,
simple, closed curve, can result in a non-orientable or, surprisingly, a non-orientable surface.
This phenomenon does not happen in orientable surfaces as there is no way to introduce
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non-orientability by cutting, but it is possible to “cut out” non-orientability, which we show
in Proposition

From the perspective of homotopy as well as change of coordinates, how many curves are
in non-orientable surfaces? We start with small non-orientable genus surfaces and work our
way up to generic surfaces.

3.1. Curves in the Mobius band. There are two homotopy classes of simple, closed,
essential curves in M; the 1-sided core curve, and the 2-sided boundary curve. This fact is
a corollary of the following Proposition 3.1, which was proven by Epstein [4] and Paris [10],
and we provide a brief proof here.

Proposition 3.1. Given any two points x1,x2 on the boundary of the Mébius band, there is
exactly one homotopy class of essential arcs connecting r1 and xs.

Proof. Choose two points, 1 and x3, on the boundary circle of M and a polygonal decom-
position of M so that the two points are on the same side of the polygon. Up to homotopy,
there are three ways for an arc to connect z1 to o by wrapping 0, 1 or 2 times around the
Mobius band, as shown in Figure 3(a)-(c). As Figure 3(d) demonstrates, an arc wrapping
around the Mobius band 3 or more times must have a self-intersection. The arc in Figure 3(a)
is clearly boundary parallel, and the arc in Figure 3(c) is shown to be boundary parallel by
the cut-and-paste construction in Figure 3(e). Therefore up to homotopy, the arc in Figure
(b) is the only essential arc.
O

() (d) ()

FIGURE 3. Arcs in a Mobius band.

Corollary 3.2. Up to homotopy, there is only one way for a curve to pass through a cross-
cap.

On a surface with a cross-cap, the core curve of the Mobius band passes through the cross-
cap once and is shown in Figure 4(a). This curve is called the core curve of the cross-cap. In
a neighborhood of a cross-cap, all curves look the same; they enter and exit the cross-cap at
antipodal points, as shown in Figure 4(b). Many curves can pass through the same cross-cap
and these curves remain disjoint throughout a neighborhood of the cross-cap.

Corollary 3.3. Any curve that passes through a cross-cap exactly once is essential.

Proof. Let v be any curve that passes through a cross-cap once. Then v intersects the core
curve of the cross-cap exactly once. By the bigon criterion, v must be essential. (|
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FIGURE 4. (a) The core curve of a cross-cap. (b) Multiple curves remaining

disjoint as they pass through a cross-cap. (c¢) The 4 homotopy classes of curves
in Klein bottle that do not bound discs. (d) Two disjoint curves in Ns.

3.2. Curves in RP? and the Klein bottle. Both RP? and the Klein bottle have small
orientable genus which limits the number of curves in the surface. In RP?, the core curve
of the cross-cap is the only essential, simple, closed curve up to homotopy. In the Klein
bottle, there are exactly three simple, closed, essential homotopy classes of curves, and one
non-essential curve as the boundary of the cross-cap [8,10]. These curves are shown in Figure

(c). Unlike RP?, the Klein bottle has an essential 2-sided curve, however, Dehn twisting
along this curve does not generate any new curves.

3.3. Curves in Ny>3. When g > 3, there are infinitely many homotopy classes of essential,
simple, closed curves in NNy, see Figure /(d) for example curves in N5. There exists separating
and non-separating, essential, 2-sided curves, as in Figure 5(a)(b). The mapping class group
of a compact non-orientable surface is generated by Dehn twists and a second type of map,
called a cross-cap slide, which is depicted in Figure 5(c) [7,10,11].

FIGURE 5. (a) A separating 2-sided curve in Ng>3. (b) A non-separating
2-sided curve in Ng>3. (c) Cross-cap slide

3.4. When are two curves related by a change of coordinates? A curve can be mapped
to another curve if the resulting surface after cutting along one curve is homeomorphic to
the result of cutting along the other curve. By cutting along a 2-sided curve, the resulting
surface has two boundary components and can be connected or disconnected. By cutting
along a 1-sided curve, the result is always connected and has only one boundary component.

Consider N» 1, the Klein bottle with 1 boundary component. Let a be the 2-sided curve
that passes once through each cross-cap. As shown in Figure (i(a), cutting along « results in
a pair of pants — which is, unexpectedly, orientable.

To contrast, let 8 be the 1-sided curve that is the core curve of the left cross-cap, as
in Figure 6(b). Cutting along [ turns the left cross-cap into a boundary component—in
essence this cuts out the cross-cap. The resulting surface is homeomorphic to RP? with
two boundary components and is non-orientable. The reason that cutting along « yields
an orientable surface, where cutting along 3 yields a non-orientable surface, was not due to
the fact that the curves were 2-sided versus 1-sided. We could easily tell that cutting along
0B yields a non-orientable surface because there is a cross-cap completely disjoint from S.



6 SARAH RUTH NICHOLLS, NANCY SCHERICH, AND JULIA SHNEIDMAN

D-@*ODs-&
G- @“@GH X

FIGURE 6. (a) Cutting along a. (b) Cutting along £.

Since « passes through every cross-cap of the surface it is more difficult to determine the
orientability of the surface after cutting along a.

Proposition 3.4. In N, there is a change of coordinates that maps any 1-sided, essential,
stmple, closed curve that does not intersect every cross-cap to any other 1-sided, essential,
stmple, closed curve that does not intersect every cross-cap. There is a change of coordinates
that maps any non-separating, essential, simple, closed 2-sided curve that does not intersect
every cross-cap to any other non-separating, essential, simple, closed 2-sided curve that does
not intersect every cross-cap.

Proof. Let ¢ be a curve in N, that does not pass through at least one cross-cap. Let X be
the resulting surface after cutting along c. > will always be non-orientable since there is a
cross-cap in the complement of c. Since Euler Characteristic is preserved when cutting along
a simple closed curve, ¥ has Euler Characteristic 2 — g.
If c is 1-sided, ¥ will have 1 boundary component and thus ¥ = Ny_q 1.
If c is non-separating and 2-sided, 3 will have 2 boundary components and thus ¥ = Ny_2 5.
O

For curves that do pass through every cross-cap in the surface, it is difficult to tell the
orientability after cutting along the curve. The following Proposition describes a type of
curve that will always yield an orientable surface after cutting along it.

Proposition 3.5. Let ¢ be a curve in N, that passes through every cross-cap ezactly once.
The result of cutting along ¢ yields an orientable surface.

Proof. It suffices to show that there are no 1-sided curves in N, disjoint from c.

Let 8 be a 1-sided curve on the surface disjoint from c. Since § is 1-sided, it must pass
through at least one cross-cap. Shrinking each cross-cap to a single point, both ¢ and
can be viewed as planar curves that intersect at some of the cross-cap points. Since ¢ is a
simple closed curve in the plane, by the Jordan curve theorem, c separates the plane into two
components. The curve 5 may not be simple as it might pass through the same cross-cap
point more than once. Nevertheless, choosing any orientation of 8 in the plane, the mod 2
intersection count between 5 and c is well defined, and, by the Jordan curve theorem, must
be zero. Thus [ must pass through an even number of cross-cap points which implies that
B must have been a 2-sided curve to begin with. This shows there is no 1-sided curve in N,
disjoint from c.

O

There are curves which pass through every cross-cap in a surface, yet the result of cutting
along that curve is a non-orientable surface. Figure 7 shows examples of three 2-sided curves
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FI1GURE 7. Three non-homotopic 2-sided curves, ci, co and c3, in Ny. The
curves ¢ and ¢y are related by a cross-cap slide [11]. There is no homeomor-
phism of the surface relating the cg to either of the first two curves because
there is a 1-sided curve (the thin red curve) in the complement of the cs.
Therefore cutting along c3 yields a non-orientable surface.

in Ny, each passing through all 4 cross-caps. Two of the curves are related by a change of
coordinates, but the third curve is not related to the first two curves.

Question: Is there a combinatorial way to determine the orientability of the resulting sur-
face after cutting along a curve in N,?

Combining the results of Propositions and with the example from Figure 7, such
a curve must pass through every cross-cap, and it could pass through multiple cross-caps
multiple times. Utilizing cross-cap slides and the mapping class group of the surface [7,10,11]
perhaps a more detailed count of mod 2 cross-cap intersections could be used to determine
orientability after cutting along a curve.

4. CONSTRUCTING LARGE 1-SYSTEMS OF CURVES

Recall that a 1-system of curves is a collection of simple, non-peripheral, essential, pairwise
non-homotopic curves that pairwise intersect at most 1 time. Malestein, Rivin, and Theran
(MRT) give a construction for a 1-system of curves in an orientable surface of genus g with
9%+ [5g] +1 curves [9]. This construction gives the largest known lower bound for the max-
imum number of curves in a 1-system in an orientable surface. In this section, we generalize
MRT’s construction to give a lower bound for the maximum number of curves in a 1-system
in a non-orientable surface. We summarize MRT’s construction and show a new inductive
step that applies only to non-orientable surfaces.

4.1. MRT’s Construction. To construct a 1-system in an orientable surface of genus g
with b boundary components, start with a genus m = | 4] surface, Sp,. Choosing a polygonal
decomposition of Sy, as a 4m-gon, there are 2m simple closed curves connecting opposite
sides of the polygon, and one curve connecting the diagonals of the polygon, see Figure

Cy

(a) _

FIGURE 8. (a) 2m + 1 curves in the 4m-gon decomposition of S,,. (b) A
possible choice for the 2m+1 curves in S, as the start of MRT’s construction.
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Up to homotopy, these curves can be chosen so they all intersect in the same point, p;.
This gives a 1-system of curves consisting of 2m + 1 non-homotopic, essential, non-peripheral
curves in S, all of which intersect at one point. Denote this set of curves by Cj.

FiGure 9. MRT’s Inductive Step.

MRT’s Inductive Step: Up to homotopy, choose a small disc neighborhood D of p; where
every curve in (7 is a straight line arc in D through p; and with no arc in the vertical
direction. As shown in Figure 9(a), within the disc, copy and shift the arcs in the vertical
direction creating a new set of arcs, Cs, which intersect at a new point p. Remove a disc
between p; and po that is disjoint from the arcs to create a new boundary component. Inside
D, every arc in (' intersects every arc in C except the one parallel vertical translate of the
arc itself.

Outside of D, each arc in C; can be completed into a simple closed curve by following
closely the one parallel vertical translate curve in Cj, as shown in Figure 9(b). Thus, C5 is a
set of curves in Sy, 1 not just a set of arcs in D. By construction, all of the curves in C; Uy
are essential, pairwise non-homotopic, non-peripheral and form a 1-system in Sy, 1 with all
intersections occurring in the neighborhood D.

Iterating this copy and shift process 2n + b = 2(g — m) + b times yields a 1-family of
curves C = U C; in Spyonip with (2m + 1)(2n + b+ 1) curves. For n pairs of boundary
components, glue in a cylinder handle to connect the boundary components, as in Figure

(¢). Add to C the meridian curve of each handle. This completes MRT’s construction and
yields a 1-system of curves, C, in the closed orientable surface of genus m 4+ n = g and with
b boundary components with

|C|:(2m+1)(2n+b+1)+nwheren:g—mandm:L%J. (1)

4.2. New Inductive Step. We offer a different inductive “copy and shift” step that adds a
cross-cap instead of a boundary component. Start with C7, the set of 2m + 1 curves in Sy,
that all intersect at 1 point p;. Choose a small disc neighborhood D’ of p; where every curve
in C is a straight line through p; and with no arc in the vertical direction. Copy and shift
the curves from C twice in the vertical direction. Call these new curves v; and C’l, which
have intersection points ¢g; and p; as in Figure 10. Cut out a small disc about ¢g; and glue in
a cross-cap. This makes every curve in v; a 1-sided curve.

Add the core curve of the cross-cap to ;. As a result, in this new disc we have added
2m + 1 2-sided curves denoted C’l and 2m + 2 1-sided curves in 7.

Just as in MRT’s construction, outside of the disc, every curve follows closely to its parallel
shifted version. Every curve intersects every other curve in the disc except for the 2 parallel
shifted versions. Outside of this disc, all curves have the same intersection properties as the
set C' from the MRT construction.

Claim 4.1. Every curve in Cj U~y U C) is essential in S,,#RP2.
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FIGURE 10. (a) Constructing curves in D’. (b) Iterating the new inductive
step two times.

Proof. Since every curve in 7y; passes through a cross-cap exactly once, then every curve in
~1 is essential by Corollary

By MRT’s construction, every 2-sided curve in I' is essential in S,,. The only way for
one of these curves to become inessential in S,,#RP? is if the curve bounds a Moébius band
(encircles the cross-cap). However, through the steps of MRT’s construction, every curve was
non-peripheral to the newly introduced (and later filled) boundary components. In our new
construction, all of these curves are non-peripheral to the disc D’, which implies that none

of these curves encircle the cross-cap.
O

Claim 4.2. All curves in C; U~y U C} are pairwise non-homotopic.

Proof. Let v and 8 be two distinct curves in C7; U vy U C; that are not vertical shifts of
each other. Let § be a vertical shift of . By construction § intersects ¢ exactly once, while
« is disjoint from §. Intersection number is preserved by homotopy, so a and S must be
non-homotopic.

Let « and B be two distinct curves in Cy Uy U C that are vertical shifts of each other.
If one curve is 1-sided and the other is 2-sided then the curves cannot be homotopic. Now,
suppose both curves are 2-sided. If the cross-cap was removed and patched with a disc,
then by construction « and 8 would be homotopic. However, the placement of the cross-cap
is in the homotopy annulus bounded by « and §, which ultimately renders the two curves
non-homotopic.

O

4.3. Combining MRT and the New Inductive Step. To construct a large 1-system of
curves in Ny, we first do MRT’s construction followed by our new inductive step. MRT’s
construction starts with a choice of &k € N and converts 2k of the g cross-caps into k
orientable genus. MRT’s construction gives a l-system of curves in Sj; called C' with
IC| = 2|5 + D)2k — [£]) +b+ 1)+ (k — [£]) as in Equation . From here, iterate
our new inductive step g — 2k times which creates new sets of curves v1,C1, -+, Yg—2k, Cg—2k-
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Let I' = C U] 2k v U] 2k ¢ be the full collection of curves from the construction. By con-
struction, I' is a 1-system of curves in Sy ,#9~ 2kRP? = Ny p with

DY = |C] + (g~ 2Kl 5] +3). 2)

4.4. Choosing k to maximize |I'|. Letting b = 0, from Equation |, we see that

e nee- vy - ey =R Y

Cl=(2
1=l . .
Then, from Equation 2, we get that

|+1.

T =11+ (g~ 20)(4L5 ) +3) = B+ 1% +1+ (g — 26)(4l5) +3).

This quantity is maximized when k = ||, which gives the largest size of I with

r= 122+ 12 1 208 a) + 3+ @+ b
;92+%g—1+g(g—2)-

Theorem A. There exists a 1-system of curves I' in Ny with

1 5 b
T > 21 —9).
|| > g+189 +3(9 )

O

4.5. Constructing a large 1-system of 1-sided curves. To construct a large 1-system
of 1-sided curves in Ny, choose a k € N and convert 2k of the g cross-caps into k orientable
genus. There is a collection of curves C7 in S that intersect at exactly one point just as in
the start of MRT’s construction. Do the new inductive step g — 2k times, but only add in
the 1-sided curves in the sets «;. Each set 7; contains 2k + 2 curves. Then 2 = Uz 1 'yz is a
1-system of only 1-sided curves in S,#9 *RP? with

Q] = (g — 2k)(2k + 2).

This is maximized when k = [{].

Theorem B. There exists a 1-system §2 of 1-sided curves in Ny with

(6> +3g+2).

B~

2= (g-215Delf)+2) >
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